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O Abstract 

(N 

We report on the exact computation of the partition function of U{N)k x U{N)_k ABJM theory 
for = 1, AT = 1, . . . , 19. The result is a polynomial in tt"^ with rational coefficients. As an application 
^ of our results wc numerically determine the coefficient of the membrane 1-instanton correction to the 

partition function. 



1 Introduction and Summary 



It has recently been discovered that the partition function of a Chern-Simons-matter (CSM) theory 
with f\f > 2 supersymmetry on a three-dimensional sphere reduces to a matrix integral [I] [21 13] ■ These 
matrix integrals are powerful quantitative tools to analyze CSM theories, and has lead to a number of 
important results, including the successful derivation of the N"^^^ behavior [4j and various precise checks 
of the AdS4/CFT3 correspondence (see |5l|6ll3 and subsequent works). 

In this paper we study the CSM theory with the highest amount of supersymmetry (Af > 6), namely 
the ABJM theory |:8|. It has gauge group U{N)k x U{N)^k, where k is the level of the Chern-Simons 
term. Since ABJM theory is the worldvolume theory of multiple M2-branes, it is natural to ask if we 
could extract any useful data about M-theory from the three-sphere partition function of the ABJM 
theory. 

In M-theory we have non-perturbative corrections from membrane instantons. This is reflected in the 
three-sphere partition function as an expansion of the terms of order er\/^ 1^ [9 . However, this expansion 
is not directly captured in most of the previous analysis of the three-sphere partition function, where 
we take the t' Hooft limit A^, k large with A/fc kept finite. Instead we need to take the M-theory limit, 
with A^ large and k kept finite. The leading A^ contribution in this limit is determined by and the all 
order 1 jN expansion in [TU] . Moreover the paper [T^ discuss the non-perturtbative instanton correction 
in an expansion around fc = 0. However the for the most interesting case of k finite, the general results 
on the non-perturbative corrections are still lacking. To answer this question it will be of great help to 
systematically compute the behavior of the three-sphere partition function for finite A^ and k. 

In this brief note we report on the exact computation of partition function Z(N) of the k = 1 
(TV = 8) ABJM theory for A^ = 1, . . . , 19, based on the Fermi gas approach of [lU] and the TBA-like 
equations of [HI [IS Q 

^See |13| for exact computation for N = 2 and general fc, and |14| for numerical calculations. 
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Our results are given as follows: 

1 1 - 3 + TT - TT^ + 10 26 + 207r - 97r2 

78 - 12l7r2 + 36^3 -126 + 174^ + IQStt^ - TStt^ 



1474567r3 ' ' ' 196 6 087r3 

876 - 414871^ - 20167r^ + IOSStt"' ^ 4140 + 88807r - 153487r2 - 134807r^ + 55177r'* 



Z{ll) 
Z{12) 



188743687r* ' ' ' 754974727r4 

16860 - 1367007r^ + 190 8 007r'^ + 2074137r^ - 810007r'' 

75497472007r5 ' 
-122580 + 38190071 + 83 73007r^ - 12893007r^ - 10914397r'' + 4475257r^ 

301989888007r5 ' 
626760 - 88563007r^ - 184464007r^ + 35 2 871387r'' + 302040007r^ - 12504375^*^ 

43486543872007r6 ' 
1563480 + 67140007r - 172521007r^ - 407460007r-^ + 491418947r'' + 457807807r^ - 180 8 3 9 257r'' 



^^^^^ 57982058496007r6 
Z(14) = (21382200 - 4211520607r^ + 19183500007r^ + 261422791071**- 

-56548548007r^ - 39 65 1 59 2 237r'' + 17324685007r'^)/ (34093450395648007r'^) , 
Z(15) = (-222059880 + 12715794007r + 36130336207r^ - 122 6 65 1 79007r^ - 1775781491471"+ 

+2894137813071^ + 2172709286l7r® - 91627341757r^)/ (136373801582592007r^) , 
Z(16) = (288454320 - 81964142407r^ - 545406220807r^ + 833795379767r** + 3379569984007r^ - 3109775073527r'^- 

-3544508499847r'' + 132 7 6 493 5 2 757r**)/ (8727923301285888007r®) , 
Z{n) = (3171011760 + 235559520007r - 717237460807r^ - 3331996080007r^ + 5428855506487r* + 13552616235207r'''' 

-13842801293047r'^ - 13379785740007r^ + 5180214768757r*)/ (34911693205143552007r**) , 
Z(18) = (4970745360 - 1806318964807r^ + 22705 143955207r^ + 24448015504087r*- 

- 18251 1321552007r'' - 135904433305847r'^ + 359490471399367r''+ 
+206718825024097r* - 96070772196007r^)/ (3770462866155503616007r^) , 

Z(19) = (-2636096400 + 248951052007r + 792191131207r^ - 4877741064007r^- 

- 85284328500071" + 30537922903607r'^ + 36304396181367r® - 61224445135607r''- 
-42889743308497r* + 18403843200757r'-*)/ (558587091282296832007r^) . 

(1) 

Section [2] of this paper is devoted to the derivation of this result. Similar methods could be applied 
to fc > 1. It would be interesting to find an analytic expression for general k and N . 

The knowledge of the exact values of Z{N) in this paper allows one to perform various numerical 
tests with high precision. As an example, we compute in Section [3] the coefficient of the membrane 



1-instanton contribution to the partition function (see (30 1). 

Note: During the preparation of this manuscript we received a paper |16| . which has substantial 
overlap with our paper. The paper contains the exact results up to iV = 9, which is consistent with ours. 
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2 Derivation 



Let us consider the grand canonical partition function 

S(z) = l+^Z(7V)z^. (2) 

N>1 

As is shown in |10j . this is given by a Fredholm determinant 

= Det (l + ^) > (3) 

with K defined by an integral kernel 

Ki.,y) -.^ i.\K\y) = --^ , (4) 



and 



2 ° V 2 
In practice, it is useful to use the following relation 



1 / fcx^ 
u{x) — - log ( 2 cosh — ) ■ (5) 



5(z)=exp(Trlog(l + ^| ) =cxp(-^Z,^^) , (6) 



wi 



th 



1 - 1 /" 

^£ = Tr (i^^) = -^^-p J dxi...dxiK{xi,X2)K{x2,X3) ...K{xi^i,xe)K{xi,xi) . (7) 

The problem thus reduces to the computation of Zg. 

Let us define the kernel for the operator K{I — \^K^)~^ by R+{x, y) and for XK'^{I — X'^K'^)~^ by 
R-{x,y), respectively. We also denote R+{x) :— R+{x,x), R^{x) := R^{x,x). As is clear from the 
definition, the integral of R±{x) gives Zf. 

^ j dxR+{x) = ^(4^A)2«Z2„+i , ^ / dxR^{x) = ^(47rA)2"+iZ2„+2 . (8) 
Let US further define e{9),ri{d) by 

e'^W = , 77(^?) = 2A / dO' . (9) 

J_oo cosh(6l - 61') 

It was conjectured in [TT] and later proven in [1^ that these functions satisfy the following two TBA-like 
equations: 

e{e) - 2u{e) - cosh(^_0,) de , (10) 

i?-w^>.wr^^^5^^^'. (11) 

TT 7-00 cosh (6* - 6*') 
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Let us define 



e(0) = 5]e„(0)A2" , ry(0) = ^r;„(0)A2"+i , (12) 

n>0 n>0 

R+{9) = ^i?+,„(0)A2" , R_ie) = ^i?_,„(0)A2"+i . (13) 

n>0 n>0 

Suppose e„(0), n = . . . j are known. We can then find rin{0), n = ... j hy performing the integration 
in ([9]), and then ej+i{9) from (lOl. Thus one can solve the TBA-hkc equations recursively, order by 
order in A, starting from 

eo{9) = 2u{9) . (14) 

Once we know e„(6') and 77„(6') for n = . . . iV we can find R+^n{()) and R-^n{(^) tor n — ... N and, 
therefore, Z2n+i and Z2n+2 ior n = . . . N from ([s]). 

Practically, it is useful to make the following change of variables: = t. Then the equations (oflO ) 
read 

Vit) = 8A / ds ^^^^^ , (15) 







. 1\ 2 t^s\og{l + i^^s)) 



Let us specialize to fc = 1 for simplicity. One can show that the functions e„(t), rjnit) have rather simple 
structure: 

n-l 

e„(^) = ^G;"'(^)(log^)^ n>2 , (17) 

n 

r;„(^) = ^i^j")(^)(log^)^ n>0 , (18) 

where G^^\t) are rational functions with poles allowed at the roots of t** — 1 and Hj^^\t) are rational 
functions with poles allowed at the roots of t'' + 1. This observation allows easy calculation of the 
integrals ( 15p6 1 order by order in A with the help of the residue theorem and the following formula: 

^dt C{t) [logty = ^ dt C{t) B,+, {^^^ , (19) 

where in the right hand side logi has a brunch cut from to +00, the contour 7 goes from +00 to 
below the cut and then to +00 above the cut, C{t) is a rational function and Bj^i{x) is Bernoulli 
polynomial. 
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Using the described procedure we fincQ 
^1 



Z-i 

^5 
^6 

Zi 
Zs 

^9 
ZlQ 

^11 

Zl2 

Z\z 
Zn 

Zl5 
ZlQ 



1 

4 ' 

-2 + TT 

167r 
7r-3 



167r 



-4 - Stt + Stt^ 
1287r2 

10 - TT^ 



2567r2 ' 
36 - 27r - Stt^ 

15367r2 ' 
-42 + 1267r + 497r2 - 277r^ 

92167r3 ' 
-96 + 967r + 647r^ - 277r^ 

184327r3 ' 
12 - 967r - 207r^ + Stt* 

327687r4 ' 
1200 - 240071 - 140071^ + 2267r^ + 1357r^ 

14745607r4 ' 
-660 + 231007r - 1210071^ - 25 3 007r3 - 630371" + 47257r'' (20) 



294912007r5 

-720 + 36 007r + 12007r2 - 256071=^ - 15367r* + 6757r^ 

73728007r5 ' 
4680 - 5616007r + 9789007r^ + 6552007r^ + 101147r" - 30 3 757r'^ 
42467328007re 

141120 - 169344071 + 7644007r^ + 17640007r^ + 6254367r'' - 1628827r^ - 708757r'^ 

148635648007r6 ' 
-2520 + 10760407r - 402486071^ - 14259007r^ + 24297147r'' + 28605227r^ + 5272657r^ - 50 9 3 557r^ 

5549064192071 

-40 3 20 + 1128 9 607r - 159 9 3 607r^ - 16464007r^ - 2383367r'' + 11361287r^ + 6635527r'^ - 29 7 6 757r^ 



5202247680071 

Zi7 = (85680 - 12475008071 + 93 1 22 73607r^ - 3038784007r^ - 105457133671" - 4055443847r^ + 

+4562160871^^ + 193 4 8 8 757r*)/ (532710162432007r*) , 
Zi8 = (80640 - 51609607r + 156172807r^ + 63974407r^ - 105542087r" - 110794887r^- 

-289521671^* + 10609227r'' + 38 5 8 757r**)/ (14797504512007r**) , 
Zi9 = (-287280 + 14142794407r - 201699288007r^ + 244090324807r^ + 313966492567r* + 11778192727r'^- 

-192095555607r'^ - 17783 3 2 5 5 767r^ - 253374137l7r* + 30943316257r^)/ (57532697542656007r^) . 

From (H, ^ we obtain our main results ([T]). 



3 Numerical Applications 

It is easy to check numerically (cf. OUS]) that the exact results obtained in the previous section are 
in agreement with the Airy function asymptotics. According to [151 UHl E] the perturbative part of the 
partition function for A; 1 is given by 

2 This result agrees perfectly with the numerical result for Af < 16 in |16| . 



5 



0.1 : 

10-" 
10-' 

ir'°f 

10-' 



Figure 1: In this figure, the dots represent the sequence Z{N)/Z^p'^'-'^\N) — 1. 
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03 - 



02 ^ 
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1.995 : 
1.990 : 
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1.980 : 
1.975 : 
1.970 - 



Figure 2: In these figures, the dots represent the sequence ([24| (left) and its 9-th Richardson-like 
transform (iV) (right). 



Z(P"'')(7V) = Ce^Ai 









-11 




24 J 



where 



C = 



7T^ 
21/3' 



03) 
87r2 



1 TT 11 1 

- log - -I- 2C'(-1) + -log2 - - / dx 

6 ^2 ^^ ^ 2^ 3io 



X x(sinha;)2 



(21) 

(22) 
(23) 



The Fig.[l]shows that indeed Z{N) approaches Z^p'^''^ (iV) exponentially fast. In 16 it was checked that 
the non-perturbative part Z''"^' = Z — Z^^°'^*'^ is suppressed by e"^'^^/^ which agrees with the previous 
analytical results [51 [101 H]. One can go further and find the leading behavior of the prefactor. Namely, 
let us consider the following sequence: 



^('V- ^(pcrt)(^)/ 



Z{N) 
Z(p<='-t) ( AT) 



Ne 



-2TrV2N 



(24) 



From the previous works one expects that this sequence has an asymptotic expansion of the following 
form: 

Cl C2 , C3 



FiN) = Co + 



(25) 
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This assumption will be verified numerically a posteriori. The graph of F{N) is shown on the left of 
Fig. [ij One can accelerate convergence of the sequence F{N) by performing Richardson-like transforms. 
Let us define the Richardson-like transform R^ of a sequence S{N) as 



R^ [S{N)] = {N/j + 1) S{N + 1) - NS{N)/j 



Its crucial property is that 



In particular, if we define 



R^ 



O 



F(")(Af) EE Rn [i^("-i)(iV)l (n > 1) , F(°)(iV) = F{N) , 



(26) 



(27) 



(28) 



then one can show that 



i^(")(7V)=co + 0^ . (29) 
The graph of F'-^^N) is shown on the right of Fig. [ij The sequence converges very fast, which verifies 



the self-consistency of the assumption ( 25 ) . Our numerical result suggests that cq 
can also numerically obtain ci, C2. 



2 exactly. One 



using similar techniques. On the M-theory side of the AdS/CFT 
correspondence this gives the 1-instanton contribution from M2-brane^ 



^(l-inst) 



2N + 0{\^)j e 



(30) 



^(port) 

It would be interesting to check this by a direct calculation of 1-instanton contribution in M-theory. 



Let us note that the prefactor in ( 30 ) cannot be obtained by previously developed techniques since they 



provide the non-perturbative part of the partition function as non-trivial asymptotic expansions either 



for large A; [5] or for small k [TUl , whereas the result ( 30 ) is for fc = 1 
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